In this paper, we generalize Young's inequality for locally compact quantum groups and obtain some results for extremal pairs of Young's inequality and extremal functions of HausdorffYoung inequality.
INTRODUCTION
A fundamental result in Group theory is Young's inequality which was first studied by Young [20] in 1912. Let G be a locally compact group with a modular function δ 0 . Suppose For the first question, it is not true in general and Beckner [1] proved a sharp Young's inequlity for convolution on R n : [8] proved that the coefficient 1 is the best constant for Young's inequality for a unimodular locally compact group if and only if it contains a compact open subgroup.
For the second question, Fournier [8] proved for unimodular locally compact groups that if the best constant for Young's inequality is 1, then f and g are a left translation and a right translation of a subcharacter respectively. Beckner [1] showed for R n in which case the best constant is not 1, that the extremal functions are Gaussian. Klein and Russo [11] showed that the sharp Young's inequality for Heisenberg groups does not admit any extremal functions. There are several ways to generalize locally compact groups. One of them is Kac algebra which was elaborated independently by Enock and Schwartz [6] , and by Kac and Vajnermann in the 1970s. In 2000, Kustermans and Vaes [13] introduced the locally compact quantum group which is a generalization of Kac algebra. Note that the subfactor [10] also can be viewed as a generalization of Kac algebra. It was shown by Enock and Nest [7] that there is one to one correspondence between Kac algebras and irreducible depth-2 subfactors. For the finite-index case, C. Jiang, Z. Liu and J. Wu [9] proved Young's inequality for subfactors.
In this paper, our goal is to generalize Young's inequality for locally compact quantum groups. We show that We refer to Section 2 for the notations. When the scaling automorphism group τ of G is nontrivial, Young's inequality is not true for 1 ≤ p, q, r ≤ ∞ in general. If the scaling automorphism group is trivial, we have the following theorem.
Main 1.2 (Theorem 3.13).
Let G be a locally compact quantum group whose scaling automorphism group is trivial. Suppose 1 ≤ p, q, r ≤ ∞, If ϕ is tracial, then for x ∈ L p (G) and y ∈ L q (G), we have
Note that the noncommutative L p space given here is taken with respect to the left Haar weight. So is the convolution. One could define the convolution with respect to the right Haar weight when the noncommutative L p space is taken with respect to the right Haar weight. We also give the definition of shifts of group-like projections and show that they are extremal element for the Hausdorff-Young inequality given in [4] . Similar results for Young's inequality is also obtained. But we are not sure that all the extremal elements for the Hausdorff-Young inequality are shifts of group-like projections.
The rest of the paper is organized as follows. In Section 2 we give a brief introduction to locally compact quantum groups and noncommutative L p spaces. In Section 3 we prove Young's inequality for locally compact quantum groups. In Section 4 we investigate the properties of shifts of group-like projections and show that they are extremal functions for Hausdorff-Young inequality.
PRELIMINARIES
In this section we will recall the definition of locally compact quantum groups and noncommutative L p spaces. Let M be a von Neumann algebra with a normal, semi-finite, faithful weight ϕ.
where M ϕ is a *-subalgebra of M. Denote by H ϕ the Hilbert space obtained by completing N ϕ . The map Λ ϕ : N ϕ → H ϕ is the inclusion map. Denote by π ϕ the *-isomorphism of
We denote by ∇ ϕ the modular operator for ϕ, σ ϕ t the modular automorphism group for ϕ, t ∈ R, J ϕ the conjugate unitary on H ϕ .
A locally compact quantum group G = (M, ∆, ϕ, ψ) consists of (1) a von Neumann algebra M,
where ⊗ denotes the von Neumann algebra tensor product and ι denotes the identity map. The normal, unital, *-homomorphism ∆ is a comultiplication of M, ϕ is the left Haar weight, and ψ is the right Haar weight.
We assume that M acts on H ϕ . There exists a unique unitary operator W ∈ B(H ϕ ⊗ H ϕ ) which is known as multiplicative unitary defined by
Moreover for any x ∈ M, ∆(x) = W * (1 ⊗ x)W. For the locally compact quantum group G = (M, ∆, ϕ, ψ) above, there exist the unitary antipode R, the scaling automorphism group τ t , t ∈ R and the antipode S on M. There exists a modular element δ such that ψ = ϕ δ = ϕR. For the properties, we refer to [13] for more details.
For G = (M, ∆, ϕ, ψ), there always exist a dual locally compact quantum groupĜ = (M,∆,φ,ψ). The corresponding von Neumann algebra acting on H ϕ is given bŷ
The element (ω ⊗ ι)(W ) is denoted by λ(ω) in general which is also know as the Fourier transform of the restriction ω| M of ω on B(H). The comultiplication∆ is given bŷ
where Σ is the flip on H ϕ ⊗ H ϕ . The dual left Haar weightφ is defined to be the unique normal, semi-finite, faithful weight onM with GNS triple (H ϕ , ι,Λ) such that λ(I) is a core forΛ and Λ(λ(ω)) = ξ(ω), ω ∈ I, where
and ξ(ω) is given by ω(x * ) = ξ(ω), Λ ϕ (x) . The dual right Haar weightψ =φR, whereR is the dual unitary antipode. For more details on dual quantum groups, we refer to [13] again.
A locally compact quantum group G is a Kac algebra if its scaling automorphism group τ is trivial and σ ϕ = σ ψ . A locally compact quantum group is of compact type if ϕ = ψ is a state. Now we would like to recall some notations on noncommutative L p space. Let M be a von Neumann algebra with a normal semifinite faithful weight ϕ. Denote by
Denote by xϕ the functional given by xϕ(y) = ϕ(yx) and ϕx the functional given by (ϕx)(y) = ϕ(xy).
If there exists a bounded functional ϕ (x) ∈ M * such that ϕ (x) (y) = (xϕ)(y) for any y in the domain D(xϕ), then we denote ϕ (x) by xϕ again for simplicity i.e. ϕ (x) = xϕ for x in L ϕ . We reserve ϕ x for ϕ(x 1/2 · x 1/2 ) when x is a positive self-adjoint element affiliated with M. For any functional φ, we denote by φ the functional given by ω(x) = ω(x * ) for any x in M.
Let R ϕ = {x * |x ∈ L ϕ }. Then for any x ∈ R ϕ , ϕx ∈ M * under the convention above. In [3] ,
For any x ∈ L ϕ , the norm is defined by
We quote the Theorem 4.1.2 in [2] for future use in the paper.
Let T be a morphism between compatible couples (E 0 , E 1 ) and (F 0 , F 1 ). Then it restricts a bounded linear map T :
In [3] , Caspers proved that
. For more details on this, we refer to [3] . Hence for p ∈ [1, 2] and ω ∈ I, the L p -Fourier transform
is the space of closed densely defined operators x on the GNS-space H ϕ of ϕ such that if x = u|x| is the polar decomposition, then |x| p is the spatial derivative of a positive linear functional ω ∈ M * and u ∈ M. For more details on noncommutative L p spaces, we refer [18] . Let d = dϕ dφ be the spatial derivative relative to ϕ. In [3] , they prove that there is an isometric isomorphism Φ p :
is the inclusion map, and [x] is the closure of a preclosed operator x.
Lemma 2.2. Let G = (M, ∆, ϕ, ψ) be a locally compact quantum group. If α is an automorphism of M, then for any x in L ϕ ,
where p-norm · p,η is the norm of complex interpolation L p -space relative to a normal semi-finite weight η on M.
If α is an anti-automorphism of M, then for any x in L ϕ , we have
Proof. Directly from Proposition 2.1.
YOUNG'S INEQUALITY
Let G = (M, ∆, ϕ, ψ) be a locally compact quantum group. Suppose that ω, θ ∈ M * . Then the convolution ω * θ ∈ M * of ω and θ is defined by
for any x in M. We then see that ω * θ ≤ ω θ .
If we identify M * with L 1 (G), then the inequality (1) is
In [13] , Kusterman and Vaes prove that for any ω ∈ M * and θ ∈ I,
If we identify H ϕ with L 2 (G), then the inequality (3) is
is well-defined by continuity and moreover the inequality (4) is true for x ∈ L 1 (G) and y ∈ L 2 (G). Now by applying the interpolation theorem, we have
Recall that ρ t is the norm continuous one-parameter representation of R on M * such that ρ t (ω) = ω(δ −it τ −t (x)) for ω ∈ M * , x ∈ M and t ∈ R. By [13] , Remark 8.12, we have that the set I ρ = {ω ∈ I|ω is analytic with respect to ρ} is dense in I ⊂ M * . By [12] , Lemma 1.1, we see that
In [13] , Proposition 8.11, it was showed that for ω ∈ I and θ ∈ D(ρ i/2 ), ω * θ ∈ I and
where U :
Inspired by the equation above, we are able to show the following proposition.
Proposition 3.2. Suppose 1 ≤ p, q ≤ 2 and
Suppose that ω, θ ∈ I and θ is analytic with respect to ρ. Then we have ξ( 
Note that λ(ω * ρ −i/p ′ (θ)) ∈ Nφ. By Theorem 23 in [19] , we have
whereφ is a normal semi-finite faithful weight on M ′ and L 2 (φ) is the Hilsum space. By the fact that λ(ω) ∈ Nφ and the property of λ, we have
By Theorem 2.4 in [4] and Proposition 8.9 in [13] , we have λ(ρ −i/p ′ (θ)) is analytic with respect tô σφ and
Now applying Hausdorff-Young inequality for locally compact quantum groups in [4] , we have
Proof. By the proposition above, we have
By the assumption, we see that {ξ p (ω n )} n and {ξ q (θ m )} m are Cauchy nets, and hence {ξ(ω n * ρ −i/p ′ (θ m ))} n,m is a Cauchy net. By taking the limits, we obtain that
Now by Stein's interpolation theorem [17] , we have Theorem 3.4. Let G be a locally compact quantum group. For 1 ≤ p, q, r ≤ 2 with
Remark 3.5. In Theorem 3.4, x * ρ −i/p ′ (y) is similarly defined to be the limit of
and (θ m ) m ⊂ I is a bounded net such that θ m is analytic with respect to ρ and (ξ q (θ m )) m converges to y in L q (G).
Corollary 3.6. Let G be a compact quantum group. Then for 1 ≤ p, q, r, p ′ ≤ 2 with
Then by Proposition 6.8 in [13] ,
By continuity of L p -Fourier transform, we only have to check
q ′ F q (ξ q (θ)) for ω, θ ∈ I and θ analytic with respect to ρ. Since ω * ρ −i/p ′ (θ) ∈ I, by Theorem 3.1 in [4] , we havê
where the products are strong products.
In general, we do not have Young's inequality for 1 ≤ p, q, r ≤ ∞. For example, let G = SU µ (2), we will show that x * y ∞ ≤ x 1 y ∞ is not true for all x ∈ L 1 (G) and y ∈ L ∞ (G). Firstly we need the following proposition for convolutions. Proposition 3.8. Let G be a compact quantum group. Then the convolution x * y of x ∈ D(S) and y ∈ M is given by
The convolution x * y of x ∈ M and y ∈ D(S −1 ) is given by again. Then for any z ∈ M,
and (yϕ)S extends to a bounded linear functional on M, denoted by (yϕ)S again. Then for any z ∈ M,
is the universal unital C * -algebra generated by a, c subject to the conditions:
Moreover a n = 1 for any n ∈ N and (1
The antipode S on SU µ (2) is given by
The Haar state ϕ of SU µ (2) is given by
Suppose x = c * 2n and y = c 2n for n ∈ N. Then ∆(y) = (c ⊗ a + a * ⊗ c) 2n and
and so c * 2n * c 2n = µ −2n ϕ(c * 2n * c 2n ). On the other hand, c * 2n
Hence when µ = ±1,
When a locally compact quantum group G has trivial scaling automorphism group, we have Young's inequality for 1 ≤ p, q, r ≤ ∞ if ϕ = ψ or ϕ is tracial.
Proposition 3.9. Let G = (M, ∆, ϕ, ψ) be a locally compact quantum group whose scaling automorphism group is trivial. Then the convolution x * y of x ∈ L ϕ and y ∈ L ϕ is given by
Proof. Note that τ t is trivial and S = R. By Proposition 1.22 in [13] , for any z ∈ R ϕ ,
Note that R ϕ is σ-strongly-* dense in M and x * y ≤ xϕ y < ∞. We have x * y = ((xϕ)R ⊗ ι)∆(y) ∈ M. Since y ∈ L ϕ ⊂ N ϕ , we have ((xϕ)R ⊗ ι)∆(y) ∈ N ϕ by Result 2.3 in [13] . Therefore x * y = ((xϕ)R ⊗ ι)∆(y) ∈ L ϕ by Proposition 2.14 in [3] .
Corollary 3.10. Let G be a locally compact quantum group whose scaling automorphism group is trivial. Then for
Proof. From Proposition 3.9, we have x * y ≤ x 1 y . Recall x * y 1 ≤ x 1 y 1 for x, y ∈ L 1 (G). Then by complex interpolation theorem we have
Recall that δ * t (ω)(x) = ω(δ it x) for any x ∈ M. By interchanging the role of x, y in Proposition 3.9, we have Proposition 3.11. Let G be a locally compact quantum group whose scaling automorphism group is trivial. Suppose ω ∈ M * is analytic with respect to δ * . Then the convolution x * ω of x ∈ L ϕ and ω is given by
If y ∈ L ϕ and yϕ is analytic with respect to δ * , then
Then e n is analytic with respect to σ ϕ which implies
As in the proof of Proposition 8.11 in [13] , we have
Proposition 3.12. Let G be a locally compact quantum group whose scaling automorphism group is trivial. Suppose 1 ≤ p, q ≤ ∞,
If ϕ is tracial, then for x ∈ L p (G) and y ∈ L q (G), we have
Proof. Suppose that ϕ = ψ. Note that for any x, y ∈ L ϕ ,
Now we will calculate ϕ(z(x * y)). By the condition ϕ = ψ, we see that ϕz = (R(z)ϕ)R and then
Moreover we assume that x, y, z ∈ T 2 ϕ . Let φ be a normal semi-finite faithful weight on M ′ . By Corollary 3.10 and Lemma 2.2, we have
The last inequality follows from Corollary 3.10. Hence
Theorem 3.13. Let G be a locally compact quantum group whose scaling automorphism group is trivial. Suppose 1 ≤ p, q, r ≤ ∞,
Proof. Directly from the interpolation theorem.
SHIFTS OF GROUP-LIKE PROJECTIONS
Remark 4.1. In [16, 5] , the group-like projection is defined for *-algebraic quantum group. In subfactor theory, the biprojection is defined for planar algebras etc. Proposition 4.2. Suppose G is a locally compact quantum group and h ∈ N ϕ is a group-like projection. Then
(1) S(h) = h, R(h) = h, and τ t (h) = h for all t ∈ R. Moreover the scaling constant ν = 1.
(4) hϕ = hψ.
i.e. S(h) = h. By Proposition 5.5 in [13] , we have that
Applying the equation χ(R ⊗ R)∆ = ∆R, we see that
it , we see that Rτ t (h) = R(h) and τ t (h) = h. Hence h is analytic with respect to τ and τ ±i/2 (h) = h. Finally R(h) = h.
There is another way to show R(h) = h and τ t (h) = h. By S(h) = h, we have
Hence h is analytic with respect to τ and τ ±i/2 (h) = h. Then we can obtain R(h) = h. By Proposition 6.8 in [13] , we have ϕ(h) = ϕ(τ t (h)) = ν −t ϕ(h) and ν −t = 1 for any t ∈ R. This implies that ν = 1.
, we have for any n ∈ N,
Then h n is analytic with respect to σ ψ . Since R(h) = h and
By Kaplansky density theorem, there is a net {f 
It is known that σ 2 ), where ℑz is the image part of z.
Repeating the above calculation with h n and e ψ k switched, we obtain that (ι ⊗ h n ψ)(∆(h)) = R(h n )ψ(h).
Then for any a ∈ T ϕ , we obtain
Let e ϕ m → 1 and e ψ k → 1 in σ-strong-* topology. We have
and on the other hand,
Now we see that ϕ(aσ ϕ i (R(h n ))) = ϕ(aR(h n )) for any a ∈ T ϕ , and hence we obtain that σ
i.e. ψ(ah) = ϕ(ah). By Proposition 1.14 in [14] and Proposition 6.8 in [13] , N ϕ ∩ N ψ is a core for Λ ϕ and hence hψ = hϕ.
Remark 4.3. Proposition 4.2 indicate that a locally compact quantum group G whose scaling constant ν = 1 has no group-like projection in
as the identity is such a projection.
Proposition 4.4. Suppose G is a locally compact quantum group and h is a group-like projection in
Proof. Since there is a group-like projection h, by Proposition 4.2, we see that ν = 1. For any b in D(S −1 ), by Proposition 6.8 in [13] and Proposition 4.2, we have that
which implies that hϕS −1 extends a bounded linear functional hϕR on M.
For any a in R ϕ , we have
i.e. h * h = ϕ(h)h. By taking the Fourier transform F 1 , we obtain λ(hϕ)
This implies that hϕS extends to a bounded linear functional on M. Hence (hϕ) * ∈ M * . By Proposition 2.4 in [15] and Proposition 4.2, we have that
. Now by a routine computation, we obtain
To see ϕ(h) −1 F 1 (h) is a group-like projection, we have to check
ApplyingΛ ⊗Λ, we se that
Hence∆(λ(hϕ))(λ(hϕ) ⊗ 1) = λ(hϕ) ⊗ λ(hϕ). By the equationR(λ(ω)) = λ(ωR) in Proposition 8.17 of [13] and hϕR = hϕ, we have that
Hence ϕ(h)
Remark 4.5. In Proposition 4.4, we see that R(F 1 (h)) = ϕ(h) −1 F 1 (h) is a group-like projection in Lφ. Now we can apply the Fourier transformF 1 to obtain that ϕ(h)
Corollary 4.6. Let G be a locally compact quantum group. Suppose that h is a group-like projection in L ϕ . Then δ it h = hδ it = h for all t ∈ R.
Proof. If h is a group-like projection in L ϕ . Then λ(hϕ) is a group-like projection again. By Proposition 4.2, we have thatσφ t (λ(hϕ)) = λ(hϕ). Hence ρ t (hϕ) = hϕ for any t ∈ R. Now for any b in N * ϕ , we have
This implies that h = hδ −it for all t ∈ R.
Proposition 4.7. Suppose G a locally compact quantum group. Suppose that ϕ is tracial or ϕ = ψ.
Then a projection h ∈ L ϕ is a group-like projection if and only if h is a biprojection.
Proof. Proposition 4.4 showed that if h ∈ L ϕ is a group-like projection, then h is a biprojection. Now we will prove the reverse. Suppose h is a biprojection. Then F 1 (h) is a multiple of a projection. Suppose F 1 (h) = λ(hϕ) = µh 0 for some projection h 0 in L ∞ (Ĝ) and µ ∈ C\{0}. Then λ(hϕ) 2 = µλ(hϕ) and λ(hϕ) * =μ µ λ(hϕ).
By Proposition 2.4 in [15], we have that (hϕ)
* is bounded i.e. hϕS extends to a bounded linear functional on M. By (hϕ)
* =μ µ hϕ, we see that hϕS −1 extends to bounded linear functional
i.e.μh = (ϕh ⊗ ι)(∆(h)). Applying ϕ to the equation, we havē
Hence µ = ϕ(h). Note that
and
If ϕ is tracial, we have
This indicates that h is a group-like projection.
If ϕ = ψ, we have
By the rignt invariance of ψ, we have
Since ϕ = ψ and
we see that (1 ⊗ h)∆(h) = h ⊗ h and h is a group-like projection.
Question 4.8. Is there a biprojection h in a locally compact quantum group which is not a group-like projection?
Proposition 4.9. Let G be a locally compact quantum group with a group-like projection in
. Then Young's inequality in Theorem 3.4 and Hausdorff-Young inequality in [4] are sharp.
Proof. Suppose h is a group-like projection in L ϕ . Since h is analytic with respect to σ ϕ and λ(hϕ) is analytic with respect toσφ, we have that hd [4] . Now
ϕ(h) is a group-like projection, we see thatσ t (λ(hϕ)) = λ(hϕ) andσ t (λ(hϕ)) = λ(ρ t (hϕ)). Hence ρ t (hϕ) = hϕ for t ∈ R and hϕ * ρ −p ′ (hϕ) r = ϕ(h)hϕ r = ϕ(h) 1+1/r for 1 ≤ r ≤ 2. If 1 +
A projection x in L ∞ (G) is a left shift of a group-like projection h if ϕ(x) = ϕ(h) and
Remark 4.11. If x is a right shift of a group-like projection h, then R(x) is a left shift of h.
Remark 4.12. Let G be a locally compact group and H a subgroup of G. Suppose 1 xH is the characteristic function on a left coset xH of H. Then 1 xH is a left shift of 1 H .
Proposition 4.13. Let G be a locally compact quantum group. Suppose x ∈ L ψ is a right shift of a group-like projection h ∈ L ψ and y ∈ L ϕ is a left shift of h. Then
for some µ x > 0 and all t ∈ R and
for some µ y > 0 and all t ∈ R.
Proof. Suppose x ∈ L ψ is a right shift of h. Then
Now we see that x is in D(S), and
Hence τ t (x) = x for all t ∈ R. By the relation ∆τ t = (σ ϕ t ⊗ σ ψ −t )∆ in Proposition 6.8 of [13] , we have
By the relation ∆(δ) = δ ⊗ δ in Proposition 7.12 of [13] and Corollary 4.6, we have
Therefore for any ω ∈ L 1 (G), we have ω(δ it R(x))δ it x = ω(R(x))x. Hence there exists µ x > 0 such that δ it x = µ it x x. Following the argument above, we have similar properties for a left shift of a group-like projection.
Corollary 4.14. Let G be a locally compact quantum group. Suppose x ∈ L ϕ is a left shift of a grouplike projection h ∈ L ϕ . Thenσφ t (F 1 (x) 
Proof. By Proposition 4.13, we havê
By the fact that σ t (x) = x, we see thatδ it F 1 (x) = F 1 (x) for all t ∈ R.
Remark 4.15. Suppose G is a locally compact quantum group such that the scaling automorphism group τ t is trivial and ϕ = ψ is a tracial weight. Then the assumption ∆(x)(h ⊗ 1) = h ⊗ x is equivalent to the assumption ∆(h)(x ⊗ 1) = x ⊗ R(x).
Definition 4.16. Let G be a locally compact quantum group. A nonzero element x in L ϕ is a bi-partial isometry if x and F 1 (x) are multiples of partial isometries.
Proposition 4.17. Let G = (M, ∆, ϕ, ψ) be a locally compact quantum group. Suppose h ∈ L ϕ is a group-like projection and x ∈ L ϕ is a left shift of h. Then x is a bi-partial isometry. Moreover
Proof. Since x is a left shift of h, we have
We shall show that x is a bi-partial isometry. For any
For any b in R ϕ , we then have
i.e. R(x)ψS −1 = ϕx = xϕ. Now we see that R(x)ψ * xϕ = (xϕ ⊗ ι)(∆(x))ϕ. We will show that (xϕ ⊗ ι)(∆(x)) = ϕ(h)h. Since σ ϕ t (x) = x and x is a projection, we see that (xϕ ⊗ ι)(∆(x)) > 0. By the relation ∆(x)(1 ⊗ h) = x ⊗ h, we have that
On the other hand, we have
Hence (xϕ ⊗ ι)(∆(x)) = ϕ(h)h and λ(xϕ)
, and B p,q (G) is the best constant for the inequality. Remark 4.19. Suppose G is a locally compact quantum group with a group -like projection in L ϕ . Then, by Proposition 4.9, every group-like projection h in L ϕ is p-extremal and every pair (h, h) is (p, q)-extremal.
Corollary 4.20. Suppose G is a locally compact quantum group and x is a left shift of a group-like projection h. Then x is p-extremal. If ϕ = ψ, we have (R(x), x) is (p, q)-extremal.
Proof. Note that σ ϕ t (x) = x and ϕ(x) = ϕ(h), we have
By Proposition 4.17, we have λ(xϕ) q = λ(hϕ) q . Hence x is p-extremal. Note that R(x)ψ * xϕ = ϕ(h)hϕ, we can see that R(x) * x r = ϕ(h)
Definition 4.21. Suppose G is a locally compact quantum group and h is a group-like projection in L ϕ ,h is the range projection of F 1 (h). A nonzero element x in L ϕ is said to be a bi-shift of a biprojection h if there exist a left shift x h of h and a left shift xh ofh and an element y ∈ L ϕ such that τ t (y) = σ ϕ t (y) = y for all t ∈ R and x = (x h y) * F 1 (xh).
Theorem 4.22. Suppose G is a locally compact quantum group and x ∈ L ϕ is a bishift of a grouplike projection h as above. Then σ ϕ t (x) = x, δ it x = µ it x h x for all t ∈ R, some µ x h > 0, x is bi-partial isometry and F 1 (x) ∞ = x 1 . Moreover, x is p-extremal for 1 ≤ p ≤ 2.
Proof. By Proposition 4.13, we have τ t (x h ) = x h and hence x = (((x h y)ϕ)R ⊗ ι)∆ ( F 1 (xh) ).
By Corollary 4.14, we see that τ t ( F 1 (xh)) = F 1 (xh), σ ϕ t ( F 1 (xh)) = µ −it xh F 1 (xh), for some µ xh > 0 and all t ∈ R. From the relation δ it ⊗ δ it = ∆(δ it ), we see that
for some µ x h > 0 and all t ∈ R. Let q = R(y * x h ) be the range projection of y * x h . Since σ ϕ t (y) = y and σ ϕ t (x h ) = x h , we have ϕ(q) = ϕ(R(x h y)) ≤ ϕ(x h ) < ∞. By Lemma 9.5 in [13] , we have that 1 ϕ(q) (ι ⊗ ω Λϕ(x h y),Λϕ(q) )∆(R( F 1 (xh)))(ι ⊗ ω Λϕ(x h y),Λϕ(q) )∆(R( F 1 (xh))) * ≤ ι ⊗ ω Λϕ(x h y),Λϕ(x h y) ∆(R( F 1 (xh))R( F 1 (xh)) * )
On the other hand, 1 ϕ(q) (ι ⊗ ω Λϕ(x h y),Λϕ(q) )∆(R( F 1 (xh)))(ι ⊗ ω Λϕ(x h y),Λϕ(x h ) )∆(R( F 1 (xh))) * = 1 ϕ(q)
((x h y)ϕR ⊗ R)∆( F 1 (xh))(((x h y)ϕR ⊗ R)∆( F 1 (xh))) * = 1 ϕ(q) R(x)R(x) * and by Proposition 4.17 and Remark 4.5, we can obtain ι ⊗ ω Λϕ(x h y),Λϕ(x h y) ∆(R( F 1 (xh))R( F 1 (xh)) * ) =φ(h)(ι ⊗ (x h y)(ϕ)(y * x h ))∆(R( F 1 (h))) = 1 ϕ(h) 2 (ι ⊗ (x h y)(ϕ)(y * x h ))∆(h) = 1 ϕ(h) 2 R(x h )ϕ(y * x h y). Therefore x * x ≤ ϕ(q)ϕ(y * x h y) ϕ(h) 2 x h , i.e. R(x * ) ≤ x h .
Note that F 1 (x) * = xhF 1 (x h y) * . Then R(F 1 (x) * ) ≤ xh. Since σ ϕ t (x * x) = x * x, we obtain σ ϕ t (R(x * )) = R(x * ). By Proposition 4.4, we see
Hence the inequalities above must be equalities and we have that x is a bi-partial isometry and F 1 (x) ∞ = x 1 . Now we have that x is p-extremal for Hausdorff-Young inequality.
